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Abstract 


By combining experimental constraints from atmospheric and solar neutrino 
oscillations and the tritium beta decay endpoint, we infer upper limits of 
4.4 eV on the and n-r masses, if the universe consists of three neutrinos. 
For hierarchical mass spectra m 3 mi, m 2 or m 3 ~ m 2 mi we infer 
that m^^ ^ 0.08 eV for a = e, p, r. In a four neutrino universe, and as¬ 
suming neutrino oscillations also account for the LSND experimental results, 
Tnua ~ 5.4 eV. We also obtain lower limits on the masses. 


The quest to learn whether neutrinos are massive has been long and arduous. The present 
laboratory endpoint measurements only give upper limits |]l| 


< 4.4 eV, < 170 keV, < 18.2 MeV (1) 

that are not very restrictive in the and cases. However, atmospheric p| and solar 
oscillation experiments have recently obtained positive results, but oscillation experiments 
measure only mass-squared differences 6mjj = — m^, leaving the overall mass scale 

unknown. Phenomenologically, we have the two inequalities [] 

< ml , ( 2 ) 

where mp = 4.4 eV is the upper limit on the effective z/g mass from tritium beta decay [Q. 
We show in this Letter that these constraints may be combined to place an upper bound of 
mp on the z/^ and Vr masses in a three-neutrino universe. To also accomodate the indications 
for > z/g oscillations in the LSND experiment with one sterile and three active neutinos 
0, we obtain an upper bound of 5.4 eV on all four neutrino masses. 

The flavor eigenstates z/g, z/^, z/,- in a three-neutrino universe are related to the mass 
eigenstates z^i, z^ 2 ; by a unitarity transformation 


( I'e 
\ 


/ 

Uel 

Ue2 

UeS 


U^i 

U,2 

CO 

V 

Url 

Ur2 

Ur3 



( 3 ) 


where the elements Uai can be expressed in terms of 3 angles and one (three) phase(s) for 
Dirac (Majorana) neutrinos. It is convenient to introduce the notation 

Paj = \Uaj?. (4) 

The unitarity constraint on the P^j is 

( 5 ) 

j 

Without loss of generality we take the mass eigenvalues to be real and positive in the 
following discussion, and order them as 

m3 > m2 > mi > 0. (6) 

The atmospheric neutrino oscillations have a substantially larger 5m^ than the solar oscil¬ 
lations, so we define 


^The explanation of the atmospheric data requires m oscillations (or —> Vg oscillations to a 
sterile neutrino Ug) with mass-squared difference 0.5 x 10“^ < <^^atm ~ 6 x 10“^ eV^ and mixing 
angle sin^ 20atm ~ 0.8. The solar neutrino anomaly requires a mass-squared difference of either 
5w?gun ~ 3.5 X 10“®-! X 10“® eV^ with small-angle vacuum mixing sin^ 20sun = 1.5 x 10“^-1.0 x 10“^ 
or a mass-squared difference of « 1 x 10 “^® eV^ with large-angle vacuum mixing sin^ 29sun ~ 

0.6 i|. 
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5ml^^ = ml-mj or mj - ml, 


(7) 

( 8 ) 


where the two possibilities for Sm^^^ correspond to the two possible mass-squared scenarios 
shown in Fig. |^. By convention we take 5ml^^ and Sm^^^ to be positive since negative signs 
can be absorbed into the mixing matrix U. The relation 


m3 = \/ml + 6mlt^ > 7 Smlt^ , 
gives a lower limit on the largest mass via 


m3 — mi = 


(^777 ^ 
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(9) 


( 10 ) 


These equations apply equally to the Sm^^^ = ml — m\ or Sm^^^ = ml — ml cases. Thus 
the three masses are all degenerate to within (see footnote 1) 


\mi — rrijl < \JSm^^ ~ 0.02 — 0.08 eV, 


( 11 ) 


and are therefore indistinguishable in the tritium endpoint measurement. 
The tritium endpoint constraint is 


Pejm] < m 


2 

P- 


( 12 ) 


Using Eq. and m^ = — 5ml^, Eq. (^) can be expressed as 

777-3 ~ Pel^ml^ — Pe2^"2-32 < • (13) 

It immediately follows from Eqs. (|^) and (® and the unitarity condition Pgi + Pe 2 < 1 that 

m 3 < ijml + 5mltm , (14) 

and since Sm^^^ is small compared to m^, Eqs. (|^) and (|^ constrain m 3 to the range 

\JSmlt^ < m 3 < 777 ^ , (15) 

which numerically bounds m 3 to the range 

0.02 eV <7773 <4.4 eV. (16) 

Also, we have 

\/Srr^ < m 2 < m 3 . (17) 

In hierarchical mass spectra in which mi ~ m 2 <C m 3 or 7771 -C m 2 — m 3 , one obtains the 
equality 


7773 ~ ijSmltm — 0-02 — 0.08 eV. 


(18) 
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The effective mass-squared of a flavor state is 


= E ■ 
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When combined with Eqs. and (|^), we obtain 

S: Ills, 


( 19 ) 


( 20 ) 


for a = e, /r, or r. 

This derivation of mass bounds is independent of the values of the mixing-matrix; uni- 
tarity of the mixing matrix is sufficient. Values or bounds for the Pej inferred from solar and 
atmospheric neutrino data may be input, but as seen in ([I3|), they affect the bound only to 
order The tritium endpoint constraint in Eq. (|^ is also quite general, given 

the sizes of the oscillation mass scales and within the precision of the tritium 

experiment, all three mass eigenstates would appear at the same place in the tritium decay 
spectrum. If the common mass is too large to have sufficient phase space to contribute to 
tritium decay, then tritium decay could not occur at all; since tritium decay is observed, the 
limit applies in all possible cases. 

The above results are valid for Majorana or Dirac neutrinos, because neutrino oscil¬ 
lations and beta decay are determined by the mass-squared eigenvalues of the Hermitian 
matrix MMh However, neutrinoless double-beta decay measurements offer the possibility 
of further limiting elements of the mass matrix itself for the case of Majorana neutrinos. For 
Majorana neutrinos, non-observation of neutrinoless double-beta decay P gives a bound of 

|Mee| = < 0.46 eV, (21) 

3 

where the are possible phases from the Uej or the entries in the diagonal mass matrix. 
Since m 3 is the largest mass eigenvalue, unitarity leads to the condition 

I nijPejP'*’^ I < m3 . (22) 

3 

If mi < 0.38 eV, then from Eq. (0), m 3 < 0.46 eV; it then follows from Eq. (1^) that 
Eq. (^T]) is satished for all values of the mixing matrix elements Uej and phases (pj. On the 
other hand, if mi > 0.38 eV, Eq. (|2l|) may give an additional constraint, depending on the 
values of the rrij, Uej, and (j)j. 

These considerations can be extended to the four-neutrino case, assuming the fourth 
neutrino is sterile and that neutrino oscillations also explain the recent LSND results 0(see, 
e.g.. Ref. [^). Equation (^) may then be written as 

ml-Y PejSmlj < nip , (23) 

j<4 


^The LSND data |Q indicate a mass-squared difference in the range 0.3 eV^ < < 10 eV^, 

although the KARMEN experiment |p rules out part of the LSND allowed region. 


4 



where we assume 


In this case 
results. Then from Eqs. 
follows that 


1714 > 1713 > 1712 > mi > 0 . (24) 

-ml = dehnes the mass-squared difference that describes the LSND 


and (^H), and the unitarity condition Pei + Pe 2 + -Pes < I, h 


\J^^LSND <m 4 < \/ml + 6 mlsND ~ 5.4 eV, 
which numerically bounds 7714 to the range 

0.5 eV ^ m 4 ^ 5.4 eV. 


(25) 


(26) 


This four-neutrino result is likely to be stable even if more neutrinos exist. The general¬ 
ization of Eqs. (O), (p^), and (pSf) to a more-neutrinos universe is 
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(27) 


where the * on the sum reminds us to include only neutrino masses small enough to appear 
in the phase space near the end point spectrum of tritium decay. We know that Pej, 
which is the overlap of Ug with the mass states kinematically accessible to beta decay, is 
close to unity from the universality of the coupling strength in beta decay and in other weak 
interaction channels. Setting Y*j Pej — 1 in Eq. (pTl) reveals that if is < ^^‘lsndj then 
7714 still satishes the bound in Eq. (^). 

In the same way, it can be shown that Eqs. (0 ^(Hl) continue to hold if more than three 
neutrinos exist, if Sm^-^ is ^ Then, Eq. (pO]) follows from universality of the weak 


coupling in processes which produce the z/g, 
respectively. 

The bounds in Eqs. (^) 


17f,, and i 7 r, e.g. 


in beta, muon, and tan decay. 


), and (^) have very different implications for cosmology. 
The fractional contribution from neutrinos to the closure density of the universe is = 
0.02(X]’Ti,^/eV)h 7 o^, where hjQ is the Hubble constant in units of 70 km/s/Mpc. With the 
three-neutrino mass hierarchy 7 ? 7 ^ -C 7773 , neutrino mass makes an insignihcant contribution 
to hot dark matter. On the other hand, with the three-neutrino degenerate case or with 
four neutrinos, the contribution to hot dark matter may be relevant to large-scale structure 
formation 
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In summary, if oscillations of three neutrino flavors explain the atmospheric and solar 
neutrino data, then all the differences in masses must satisfy | 77 ij — mj\ < 0.08 eV. The 
tritium beta decay endpoint constraint then leads to < 4.4 eV for a = e, ji, r, and in 
the case of a hierarchical spectrum with one or two neutrino mass eigenstates much lighter 
than m 3 , the upper limit becomes m^^ Y 0.08 eV. If oscillations of one sterile and three 
active neutrinos explain the LSND, atmospheric, and solar data, the tritium beta decay 
endpoint constraint then leads to m^,^ < 5.4 eV for a = e, ji, r, s. 
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FIG. 1. The two possible mass scenarios if the atmospheric and solar neutrino data are 
described by the oscillations of three neutrinos. 
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